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a b s t r a c t

A class of non-linear discrete second-order systems is considered in the critical case when two roots of
the characteristic polynomial of the linearized system are equal to unity. Sufficient conditions for the
instability of the equilibrium are obtained.
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Interest in the question of the instability of non-linear discrete systems has been stimulated in recent years by the investigation of strange
attractors, which sometimes arise in the simultaneous presence of dissipation and instability in the small.1 Below, Lyapunous results on
the instability of continuous steady-state non-linear systems in the critical case of two zero roots with a Jordan cell2 are carried over to
discrete systems for which the characteristic polynomial of the linearized system has two roots equal to unity. The reasoning is based on
the construction of a special form of Lyapunov polynomial functions.

The system

(1)

is considered, where � is an integer, � ≥ 2, a, ai and bi are constants (b0 /= 0), and the functions b(xn, yn), �(xn, yn), p(xn, yn), c(xn, yn) and
�(xn, yn) are bounded in the neighbourhood of the point xn = yn = 0.

Theorem. The equilibrium state xn = yn = 0 of system (1) is unstable if either ˛ is an even number or ˛ is an odd number and a > 0.

The following well known lemma (see Refs 3 and 4, for example) is used in the proof.

Lemma. If, in the case of the system

where f(0) = 0 in the neighbourhood of the point zn = 0, a function of alternating sign V(zn) exists such that the function W(zn) = V(f(zn)) − V(zn) is
of fixed sign, then the equilibrium state zn = 0 is unstable.

Proof of the theorem. We will first consider the case of odd � and take the Lyapunov function in the form

(2)

The constants c2,. . ., c� will be chosen in such a way that this function satisfies the conditions of the lemma. We consider an increment
in the Lyapunov function, calculated by virtue of system (1):
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After the reduction of similar terms, we obtain

(3)

where

(4)

The coefficients �2,. . ., �� have the form

By successively solving the equations �2 = 0, �� = 0, we find the coefficients c2,. . ., c� and c2.
As a result, we have

By virtue of the properties (4), the oddness of � and the positiveness of a, the function W(xn, yn) is positive definite in the neighbourhood
of zero. Since the function (2) is of variable sign, the instability of the equilibrium state follows from the lemma.

We now consider the case of even � and take the Lyapunov function of variable sign in the form

After the reduction of similar terms, we have

where

(5)

As before, we define the coefficients c2,. . ., c� in such a way that �1 = 0, ��-1 = 0. We obtain

(6)

By virtue of equality (5), the function (6) is of fixed sign and, consequently, according to the lemma instability occurs in the case of even
� and a > 0.

Example. Consider two integrators which are spanned by crossed feedbacks which are implemented through amplitude-pulse modulators
of the first kind5,6 with instantaneous pulses are described by �-functions

(7)

where

T > 0. Integrating system (7) from nT − 0 to (n + 1)T − 0, we arrive at the equations

According to the above theorem, the equilibrium state xn = yn = 0 is unstable when � ≥ 2 if � is either even or odd and a > 0.

Acknowledgements

This research was financed by Program No. 22 of the Presidium of the Russian Academy of Sciences and the Grant Council of the President
of the Russian Federation for the Support of Young Russian Scientists and Leading Scientific Schools (NSh-2387.2008.1).



360 A.Kh. Gelig, A.N. Churilov / Journal of Applied Mathematics and Mechanics 73 (2009) 358–360

References

1. Leonov GA. Strange Attractors and the Classical Theory of the Stability of Motion. St Petersburg: I St 3d Petersburg Univ; 2004.
2. Lyapunov AM. The General Problem of the Stability of Motion. Moscow, Leningrad: Gostekhizdat; 1950.
3. LaSalle JP. The Stability and Control of Discrete Processes. N.Y.: Springer; 1986, 150 p.
4. Leonov GA, Seledzhi SM. Phase Synchronization Systems in Analogue and Digital Circuitry. St Petersburg: Nevskii Dialekt; 2002.
5. Tsypkin YaZ, Popkov YuS. The Theory of Non-Linear Pulse Systems. Moscow: Nauka; 1973.
6. Gelig AKh, Churilov AN. Stability and Oscillations of Nonlinear Pulse-Modulated Systems. Boston etc: Birkhäuser; 1998, 362 p.

Translated by E.L.S.


	Instability conditions for a non-linear discrete system in the critical case of two unit roots
	Acknowledgements
	References


